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Periodic systems, but why?

¢ Linear time-periodic (LTP) systems: systems with periodically varying linear
dynamics

® Periodicity comes naturally in practical systems

— Rotating dynamics (Allen, Sracic, et al. 2011)
— Periodic scheduling parameters (Felici, Wingerden, and Verhaegen 2007)
— Periodic operating trajectory (Allen and Sracic 2009)

e Linear time-periodic (LTP) systems as an intermediate step for

— LTV systems
— LPV systems
— nonlinear systems along limit cycles
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The problem

LTP identification problem

Consider a discrete-time stable LTP system with minimal state-space model

z(t+1) = Ax(t) + Buu(t
{ ( ) () ! ()7At:At+PaBt:Bt+PaCt:Ct+Pa (1)

y() = Cua(t)
P is the known period.

Problem: Estimate a state-space model equivalent to (1) from input-output
measurements with output noise.
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An gap of frequency domain methods

The prevailing method: time-domain subspace identification
— (Verhaegen and Yu 1995), (Hench 1995)

However, study of frequency domain methods is limited...
...why needed? To make use of periodic data, for

— avoiding initial state estimation
— easier time-domain averaging

...why difficult? Frequency domain behavior is different from LTI systems
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Frequency response of LTP systems

® Response at each frequency w is not independent
¢ An input at w will generate response at w + 2k7 /P, k € Z
¢ Complex gain G(w) becomes a function G, (w + 2kn/P) of k.

Two paths to address this problem:
¢ |dentify G, (w + 2kw/P) directly at each frequency — frequency lifting

— (Uyanik et al. 2019)
— Very restrictive in input design to avoid overlap of frequency response contents

® |n this work, make use of LTI reformulation
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On the shoulders of LTI systems

e LTP systems as structured LTI systems

Time-lifting

Concatenate inputs and outputs of one period
-
(k) = [u'(kP) wT(kP+1) - wT(kP+P-1)]
-
gk) = [yT(kP) yT(kP+1) - yT(kP+P-1)] .
Then the dynamics (k) = G(e/)u(k) is LTI with the (1, m)-th block element:
él,m (ejw) = Z gi’P—i—l—m €xXp <_jws)a
s=0
where gt = CyAy_1A4_o -+ Ay_r11 By, is the periodic impulse response.
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A two-step approach

1) Lift the LTP system and estimate G/(e’*) of the lifted system
— Not a trivial problem as it is MIMO and cannot be excited separately

2) Identify the LTP system from the G/(e’*) estimate
— Extension of frequency-domain subspace methods for LTI systems

Assumptions:
¢ J input-output sequences of length N P with periodic inputs, J > Pn,,
e Zero mean i.i.d noise across experiments, uncorrelated with inputs

¢ Fast-decaying covariances inside each experiment
2T Elw@w(t—71)]] =c < o0
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Generalized empirical transfer function estimate

G(e7“%) = Y (e7%)TT (e7),

e Columns of Y (e/**) and U (e’“*) are DFT of each input-output sequence
¢ Multiple periodic trajectories are needed to satisfy the PE requirement

Properties of the generalized ETFE

A

o E[G(eir)] = Geir),

2 ~ \H ~
e Cov [G} = (®y, + p(N)) (UT) Ut, ®,: noise spectrum, |p(N)| < 2¢/N.
e Estimates at different frequencies are independent.
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Time-aliased periodic impulse response

® wy,(n): the IDFT of generalized ETFE G, (e7*).
e According to the definition of G ,,,(e/¥),

7 !
h(N-l—n)P—H—m’ nP+1—m <0,
where hl =Ygt ;np, r =1,2,--- , NP: time-aliased periodic impulse

response.

Extension of the LTI result:
¢ IDFT of frequency response = time-aliased impulse response
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Order-revealing decomposition for LTP systems

hT s . hT
T+1 T+1 T+1
T h2 h3 o hr—"l T N \7! s
H = _ S =op(r-wh,) arn
T+P—1 T+P-1 T+P—-1
hq hq+1 hq+r—1

where
Vpr= A 1A42--- As_p,

C;— = |:BT—1 AT—IBT—Q T AT—l . 'AT—S+1BT—S:| )
O;— = col (CTu CT+1AT7 T )CT+8—1AT+S—2 T AT) .
e Key property: rank (Hg) = ng, range (Hg) = range (O7)
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The proposed algorithm

Frequency-domain subspace identification of LTP systems

1) Lift the input-output data.

2; Estimate G/(e/“r) of the lifted system by generalized ETFE.

3) Apply IDFT on é(ejwk) and find it by rearranging elements.

4) Construct HJ from Ad.

5) Find an n,-th order approximation of range (H; ) as the estimate of O] .
)
)

6) Estimate A, C, from O.
7) Estimate B; by fitting AL.
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Consistency property

Theorem

Let A;, B;, and C; be the estimated state matrices by the proposed algorithm. Given
the stated assumptions, there exist nonsingular periodic matrices T; € R™=*"=
T; = Ty, p such that w.p. 1,

lim t Bt Tt O z‘:lt B |17t o

for a fixed choice of ¢, r.

‘
>
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Numerical example

— MOESP algorithm in (Verhaegen and Yu 1995)
— intersection algorithm in (Hench 1995)
— CCA algorithm in (Cox 2018)

Periodic input of i.i.d. unit Gaussian entries
i.i.d. unit Gaussian noise
N =50,J =10- P, n, is known
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Example 1
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: Accuracy of state-space model estimation in terms of impulse response.
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Consistency of the estimate
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Figure: The estimate is consistent with a convergence rate of 1/N.
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A novel subspace identification method for LTP system

e Generalized ETFE for lifted LTP system
¢ Order revealing decomposition of lifted LTP system
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