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Outline

Introduction
¢ Data-driven method as an input-output mapping
* Problem with noisy data in data-driven modelling

Methodology
e Maximum likelihood estimation for the optimal model
¢ Signal matrix model with an efficient algorithm
® Preconditioning for big data

New model in action
* Impulse response estimation
e Data-driven predictive control
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Data-driven in control

* Most control applications are data-driven
e ... but were restricted by control design tools — model

Paradigm of system identification

Black box > Nominal model |
Low-order approx. Certainty equivalence
Data Model Controller
Grey box > Uncertainty model
Parameter estimation Robust/stochastic
control
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Unleash the power of data-driven

Challenge: more complex systems

Problems Good things

Modelling is hard Data is big
An underlying low-order model? Need for low-order models?

Model-free? Low-order model — input-output mapping

Willems’ fundamental lemma’: one long input-output trajectory can
characterize all trajectories of a shorter horizon.

e ... via signal matrices

'Willems, 2005
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In a world without noise...

Input-output mapping based on Willems’ fundamental lemma?

Given: input-output data (u¢, y$) 5!

Assume: finite-dimensional LTI, controllability, sufficient persistency of excitation,
upper bound on system order L.

Define: Hankel signal matrices

d d d d d
Ug Uy Unr—1 Ury ULg+1 UM+Lo—1
=] 1 oo U=
d d d d d d
Uro—1 UYr, 0 Upriry—2 U1 ur, T UN—1

and similarly for Y}, and Y.

2Markovsky, 2005
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In a world without noise...

Input-output mapping based on Willems’ fundamental lemma (contd)

Input: past trajectory wp; = (u;); Lo Yini = ()il L, input trajectory u = (ui)iL:'g L
L'=1— L.
Uin Up
¢ Solve the linear system |yini| = | Y}, | g (%) for g.
u Uy

Output: output trajectory y = Yg.

* A‘model of y = f(u; tini, yini)?
e ... butimplicit & overparametrized
e As predictor in MPC setup, DeePC3

3Coulson, 2019
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... until noise ruins everything

e The linear system (x) is underdetermined
* |n noise-free case, still well-defined due to

rank (H) := rank < Lo+ n,L

e ... a core identity in behavioral system theory (and subspace identification)
¢ But when signal matrices are noisy,

H : full row rank a.s.

e Consequence: Yy, Jg, () is satisfied
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Remedies

Problems
¢ Subspace identification®:

(structured) low-rank approximation of H
e Least-norm solution®:

Not so ‘data-driven’

Computationally hard

T

UP Ujnj _
gpinv = | Yp | | ¥ini ¢ Sub-optimal
Uy u

¢ Regularization (regularized DeePC)

Biased towards control objective

Hyperparameter tuning

min Jer(u,y) + Ag ||9||§ + Ay [|ini — YiniHZ

“Moonen, 1989
5Sedghizadeh, 2018
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Road to a better remedy

One central question: what is the ‘optimal’ solution to (x) with noise?

Difficulty: errors-in-variables structure

Uin U,
— Noise on both sides: |yini| = | Y, | ¢
u Uf

e Our approach: maximum likelihood estimation

e Core idea: find the g that optimizes the likelihood of observing both the
predicted output trajectory y and the residual of (x).
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A little boring derivation...

¢ Noise model (example): No input noise,
d,0 -
yzd:yz +wzd7 (wld)fiolm_/\/(()’ozl)’

Yini = Yini + Wp, Wy ~ N(0,071).

_ (gT ® I) vec (L{;D - [y(‘)”‘ .

(3] ) e [ 3
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The maximum likelihood estimator

-
— Yog = Yini| -1,y | Y9 — Yini
mlrglerglze logdet(X,(g)) + 0 ¥, (9) 0

N—————
Uncertainty of prediction

Deviation from past output measurements

°*g= {g e RM | [U”] g= [u"”] } is the parameter space.
Uy u

¢ Signal matrix model: y = Y} g*
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Approximation

* Approximate ¥, with its diagonal part
— Holds exactly if Page signal matrices are used, i.e.,

d d d
Yo UL YL
Y,] (M-1)
Yf - d d d
Yr—1 Yar-1 " Ymr-a
— ... but worse data efficiency
1

S 2 2 2 2 2
minimize ' log (|lgl13) + Loloz (o* lgl/3 +3) + Y9 — ynill3.

2
o2 (g% + o2
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An iterative algorithm of signal matrix model

¢ Solve the approximated problem by SQP

gt = argmin Ag*) llgll5 + 1Ypg — yinill
. Up . Winj
subject to [Uf] g= [ u ] ,
where Lo
Lo
AMg") = p L+ Lo
9% 13

o Closed-form solution in the form of
g =P (Md") ym+2 (Mg) [“{;‘] . (CL)
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Algorithm 1 Signal matrix model

]
2
3
4
5:
6
7
8

. Given: U, Uy,Y,, Yy, 0,0p, €
: Input: Uijni, Yini, U.

k<0, 9" Gpinv

. repeat

Calculate g**+! with (CL).

untit g g1 < gt
: 0utput: gsSMM = gk, y = Yfgk.

Oct 1,2020  12/30



Data, more data!

When abundant data are available,

dim(g) ~ data length NV >> prediction horizon L

Problem: high-dimensional optimization

... but 2L independent basis vectors should be enough for everything within the
prediction horizon.

Solution: precondition signal matrices to make dim(g) = 2L
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Preconditioning of signal matrices

1) SVD of signal matrices:

col (Up, Uy, Yp, Y) = WSVT € R2XM
2) Define new signal matrices:

col (Up,Uf,Yp,fff) = WSy, € R?EX2E

Sor.: the first 2L columns of S.

Proposition: The signal matrix models with (U, Y,, U, Y;) and (U, Yy, Uy, Yy) are
equivalent.
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Problem 1: Impulse response estimation

¢ Impulse response model: y, = >"7° hju—;

e Conventional approach: regression from data

d d d d
Yo Ug U_1 Ul _p ho
d d d d
Y1 Uy Ug Uz _p ha
d d d d
Yn-1 Un—1 UNn—2 UN_p] [Pn—1
—— ——
YN [OFNs h

e Least-squares solution: 7 = argmin [jyy —
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An alternative approach

¢ Problem:
1) truncation error from (h;);2

2) unknown past inputs: (u;i):l_n

e Biased & incorrect even without noise

¢ Alternative: signal matrix model with

Ui =0, yini =0, u= CO|(1,0), Op = 0, L' =n.
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Numerical tests

e Parameters: N =50, Lo =4, n = L' = 11, 0% = 0.01, (u})N ' ~ N(0,1)
e Example 1: big truncation error, known past inputs

0.1159(23 + 0.5z)
24 — 2223 424222 —1.872+ 0.7225

Gl(Z) =

e Example 2: negligible truncation error, unknown past inputs

_ 0.9183z
22402424 0.36

Ga(z)
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Figure: Impulse response estimation of Example 1.
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Figure: Impulse response estimation of Example 2.
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Figure: Model fitting. Yellow : unknown past inputs, \cyan
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Problem 2: Data-driven predictive control

¢ Receding horizon control structure:

L'-1

—_— 2 2
minimize kz—:[) (||yk ikl + ||Uk||R)

Jctr(u’y)
subjectto y = f(u;tinj, yini),ucld,y €y

f(+): data-driven input-output mapping
¢ Signal matrix model as the predictor:

fomm (3 tini, yini) = Y7 gsmm (W; Wini, Yini)
* Problem: implicit constraint
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Signal matrix model predictive control (SMM-PC)

¢ Observation: ||g||§ doesn’t change much at each time step.
e ... and signal matrix model is only iterative w.r.t. ||g|)3.

¢ Solution: warm-starting from g at previous step & one iteration

minimize  Jey(u,y)

u,y
y =Yg,
subjectto  ¢' = P(¢' 1) yini + Q¢ ) 1,
ucld,ye).
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Methods with other remedies

e Subspace predictive control (least-norm solution):
Jsub (W3 Wini, Yini) = Y7 gpinv (W; Wini, Yini)
¢ Regularized DeePC:

minimize  Jeur(w,y) + Ag g1l + Ay |Fini = ¥inill}

wW,y,9,Yini
U, U
subject to }U/p g="" ueuyey,
!
Yf Yy
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Signal matrix model & regularized DeePC

¢ Resemblance in objective function:
minimize A(g") [lg[13 + 1Ypg — yinill5 (SMM)
minimize A llglly + Ay 1Ypg — yinill} (DeePC)

o Differences:

1) Parameter estimation is isolated from control performance
2) Hyperparameter tuning is simplified to noise level estimation
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Numerical tests

e Parameters:

N=200,Lo=4,L =11, 0% =02 = 1, (uf)N5! ~ N(0,1)

Q:RZI,U:y:R Tt—O5S1n(1O>

System:
0.1159(23 + 0.5z)

Gi(z) —
1(58) = T 593 1 9.42:2 — 1.872 5 0.7225

¢ Known noise level for SMM-PC
Optimally tuned DeePC with an oracle
Benchmark approach: MPC with noise-free state measurements
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Figure: Closed-loop trajectories within one standard deviation.
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Figure: Total true stage cost J = >y " (Hyg — T’“”?y + ||uk||?%).
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Figure: Effect of data sizes & noise levels.
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Figure: Average computing time for SMM-PC.
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Conclusion & outlook

Statistical framework for data-driven modelling with noise
Effective in both impulse response estimation & predictive control

Incorporating online data
Input design with signal matrix model

Causality & time-invariance constraints
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