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System identification
“classical" data-driven control

Paradigm of system identification: a two-step approach

Data Model Controller

Black box

Low-order approx.

Grey box

Parameter estimation

Nominal model

Certainty equivalence

Uncertainty model

Robust/stochastic

control
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From system identification to learning

1 Data collection

2 Selection of model structure
• Compact structure
• Parameter estimation

3 Determining the “best” model
• Prediction error method

4 Model validation

▶ Similar framework to supervised learning

▶ Motivation: More complex systems & more data

▶ Main difference: Do we have/require a compact
structure for the model?

▶ Two paths:

1 Borrow tools from learning theories
⇒ regularized approaches

2 Accept over-parameterized models
⇒ nonparametric approaches
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An overview

Regularized approaches

Preserve system-theoretic
properties in learning

▶ Learn pole locations in
sparse learning (CDC’22),
kernel learning (IFAC’20)

▶ Reliable uncertainty
models in kernel learning
(L-CSS’23)

Nonparametric approaches

Stochastic nonparametric
prediction without a model

▶ Stochastic prediction by
MLE (TAC’21, ECC’22), matrix
denoising (SYSID’21)

▶ Data-driven predictive
control with stochastic
predictions (L4DC’21, SYSID’24)

▶ Application to building
control (AE’24)

Periodic systems

Beyond LTI systems: making
use of periodicity

▶ Learn linear periodic
systems (IFAC’20, L-CSS’21)

▶ Kernel learning of
nonlinear systems with
periodic models (CDC’22)
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Regularized approaches
with more and more parameters

Paradigm shift in system identification

Method Parameter estimation Kernel learning Sparse learning
Theory Classical statistics Nonparametric statistics High-dimensional statistics
Regime n ≪ N n ≈ N n ≫ N

Prior info. Low dimension Smoothness Sparsity
Tool MLE RKHS, GP Lasso, compressive sensing

Algorithm Prediction error method Kernel-based identification Atomic norm regularization
Problem Model structure selection Complexity measure Bias, false positives
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Pole location estimation by sparse learning

▶ Sparse model decomposition: G0(q) =
∑

k∈K ckAk(q)

• Ak(q) =
1− |k|2

q − k
: set of first-order model features

• K =
{
k = α · ejβ |α ∈ [0, 1), β ∈ [0, 2π)

}
: set of stable poles

• ck ∈ C: sparse coefficients to be identified
▶ Simultaneous estimation of model & pole locations: S = {k | |ck| > 0}
▶ A sparse learning problem: l1-norm regularization

min
{ck}k∈K

∥∥∥∥∥y −
∑
k∈K

ck ϕk

∥∥∥∥∥
2

2

+ λ
∑
k∈K

|ck| , ϕk: response of Ak(q) under input u

▶ but. . . an infinite-dimensional problem
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Observation from the optimality conditions

▶ Equivalent real-valued problem: a group lasso problem

min
{γk}k∈K̂

∥∥∥∥∥∥y −
∑
k∈K̂

ζkγk

∥∥∥∥∥∥
2

2

+ 2λ
∑
k∈K̂

∥γk∥2

γk =
[
ℜ(ck) ℑ(ck)

]⊤
, ζk =

[
2ℜ(ϕk) − 2ℑ(ϕk)

]
, K̂ : upper unit disk

▶ The optimality conditions are{∥∥ζ⊤k R
∥∥
2
≤ λ, if ∥γ⋆

k∥2 = 0

ζ⊤k R+ λγ⋆
k/ ∥γ⋆

k∥2 = 0, if ∥γ⋆
k∥2 > 0

,

output residuals︷ ︸︸ ︷
R = y −

∑
k∈K̂

ζkγ
⋆
k
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The infinite-dimensional algorithm
▶ For a finite-dimensional solution w.r.t. K̂d = {k1, k2, . . . , kp}, if a new pole is added

K̂+
d := K̂d ∪ {kp+1}, the trivial solution

γ⋆
i (K̂

+
d ) =

{
γ⋆
i (K̂d), i = 1, . . . , p,

0, i = p+ 1,

holds iff
∥∥∥ζ⊤kp+1

R(K̂d)
∥∥∥
2
≤ λ.

▶ kp+1 is only a meaningful pole when
∥∥∥ζ⊤kp+1

R(K̂d)
∥∥∥
2
> λ

▶ Greedy algorithm: Add new pole kp+1 that maximizes
∥∥∥ζ⊤kp+1

R(K̂d)
∥∥∥
2

(△)

Properties:
▶ Optimality conditions satisfied with ϵ-tolerance
▶ Objective decreases every iteration even if (△) is not solved exactly

» » Mingzhou Yin Doctoral examination 7/16



Overview Regularized approaches Nonparametric approaches

Numerical example
4th-order system, data length N = 100, 100 simulations, λ selected by cross-validation

Atom: discretized solution with
50 poles

Atom2: discretized solution with
500 poles

InfA: inf-dim solution starting
from 50 poles (∼100
poles at convergence)

Yellow : 20 dB SNR

Cyan : 40 dB SNR
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Nonparametric approaches
model is merely input-output mapping

Paradigm of data-driven control: prediction via input-output mapping

Data Model Prediction=
Input-Output 

Mapping

Predictive 

Control

Idea: (Willems’ Fundamental Lemma) For linear systems,

▶ Any linear combination of trajectories is still a trajectory
▶ If we have sufficiently ‘good’ data. . .
▶ . . . linear combinations of such data cover all possibilities
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Prediction via nonparametric input-output mapping

Data collection:

Z =
[
zd1 · · · zdM

]
∼ signal matrix

=



ud
t1 · · · ud

tM
ud
t1+1 · · · ud

tM+1
...

. . .
...

ud
t1+L−1 · · · ud

tM+L−1

ydt1 · · · ydtM
ydt1+1 · · · ydtM+1
...

. . .
...

ydt1+L−1 · · · ydtM+L−1


︸ ︷︷ ︸

columns of length-L trajectories

=


Up

Uf

Yp

Yf



▶ If rank(Z) = nuL+ nx, all valid trajectory z
can be parametrized by g ∈ RM : z = Zg

▶ By fixing inputs u ∈ RnuL
′
& initial condition

uini ∈ RnuL0 , yini ∈ RnyL0 ,

▶ . . . the other outputs can be predicted:

y = f(u;uini,yini) :


uini
u
yini
y

 =


Up

Uf

Yp

Yf

 g
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From noise-free data to stochastic data

What if we have uncertainties?

▶ Z : full row rank almost surely

▶ y can be anything

∀y ∈ RnyL
′
,∃ g :


uini
yini
u
y

 =


Up

Yp

Uf

Yf

 g

▶ Ill-defined input-output mapping

Multiple paths out:

1 Subspace identification

2 Direct data-driven predictive control

3 Indirect data-driven predictive control: accept
full-rank Z and fix one unique g

A hard “parameter estimation” problem of g

▶ Noise on both sides: yini = Ypg

▶ A subspace of true parameters g0
▶ Error evaluated on an unknown projection Yfg
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The signal matrix model
a maximum likelihood approach

▶ Find the g that maximizes the likelihood of observing the predicted output trajectory y

gSMM = argmin
g

logdet(Σy(g))︸ ︷︷ ︸
Uncertainty of prediction

+

[
Ypg − yini

0

]T
Σ−1

y (g)

[
Ypg − yini

0

]
︸ ︷︷ ︸

Deviation from past output measurements

s.t.
[
uini
u

]
=

[
Up

Uf

]
g

▶ Σy(g) =
(
gT ⊗ I

)
cov

[
vec

([
Yp

Yf

])]
(g ⊗ I) +

[
σ2I 0
0 0

]
▶ Predictor as an online lower-level program
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The signal matrix model
a stochastic predictor

▶ Two sources of error:

y − y0 = Γ(δ + ϵini − Epg)︸ ︷︷ ︸
initial condition mismatch

+ Efg︸︷︷︸
noise in Yf

Γ =

 CAL0

...
CAL−1


 C

...
CAL0−1


†

∼ autonomous transformation matrix
from yini to y

Theorem: Statistics of stochastic data-driven predictors

The stochastic predictor is given by E [y] = ȳ, cov (y) = Σ, where

ȳ = Yfg − Γ (Ypg − yini) , Σ = σ2 ∥g∥22
(
ΓΓ⊤ + I

)
+ ΓΣyiniΓ

T

▶ Exact distribution requires unknown model parameter Γ
▶ . . . but can be estimated by a data-driven approach (and assume certainty equivalence)
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Data-driven predictor in stochastic predictive control

min
ut

∥∥ut
∥∥2
R
+ E

[
∥yt − rt∥2Q

]
s.t. gt = gSMM(u

t
ini,y

t
ini,u

t)

ȳt = Yfg
t − Γ(Ypg

t − yt
ini)

P (ht
iy

t ≤ qti) ≥ p, ∀ i

ut ∈ U t

▶ Lower-level program : non-convex even for i.i.d
Gaussian output noise
One-step SQP approximation: linear closed-form
solution

gt = argmin
g

∥∥Ypg − ȳt
ini
∥∥2
2
+ λ ∥g∥22

s.t.
[
ut

ini
ut

]
=

[
Up

Uf

]
g

where λ =
(
L′/ ∥gini∥22 + L

)
σ2

▶ Expected output cost = ∥ȳt − rt∥2Q + λg ∥gt∥
2
2,

λg = σ2tr
(
Q
(
ΓΓ⊤ + I

))
∼ regularization term
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Data-driven predictor in stochastic predictive control

min
ut

∥∥ut
∥∥2
R
+ E

[
∥yt − rt∥2Q

]
s.t. gt = gSMM(u

t
ini,y

t
ini,u

t)

ȳt = Yfg
t − Γ(Ypg

t − yt
ini)

P (ht
iy

t ≤ qti) ≥ p, ∀ i

ut ∈ U t

Chance constraint : non-convex, error depends on inputs
via gt

Lemma: Convex surrogate of chance constraints

Chance constraints are guaranteed by SOC constraints

ht
iȳ

t ≤ qti − µ
(
c1 + c2

∥∥gt∥∥
2

)
, ∀ i = 1

where

c1 =

√
ht
i ΓΣyiniΓ⊤ (ht

i)
⊤

c2 = σ

√
ht
i (ΓΓ

⊤ + I) (ht
i)

⊤
, µ =

√
1

1−p − 1
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Application
Space heating control

▶ Stochastic disturbance & measurement noise
▶ Nonlinearity as disturbance
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▶ Experiment: 0.025◦C·h constraint violation in 4 days
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Benchmarking against competing algorithms

SMM-PC: proposed

N4SID: classical SysID

approach

BiLevel, DeePC: existing 

DDPC approaches

▶ High-fidelity simulation: 59% – 90% reduction in constraint
violation, 4% – 8% energy saving, smoother control action
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The End.
Mingzhou Yin
myin@control.ee.ethz.ch
mingzhouyin@gmail.com
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